Let G be a simple connected graph with n vertices, m edges and degree sequence:
Introduction
In this paper, all the graphs are finite undirected connected graphs without loops and multiple edges. The degree of a vertex v i , written by d(v i ) = d i , is the number of edges incident with v i . Let G be a graph with n vertices, m edges and degree sequence: d 1 d 2 · · · d n . (G) = = d 1 and δ(G) = δ = d n are the maximum degree and minimum degree of the vertices of G, respectively. We also denote by (G) = , the second largest degree of G which is different to . If G is a regular graph, we assume that = .
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The join G 1 ∇G 2 of disjoint graphs G 1 and G 2 is the graph obtained from G 1 ∪ G 2 by joining each vertex of G 1 to each vertex of G 2 .
The eigenvalues of a graph G are the eigenvalues of its adjacency matrix A. The largest eigenvalue is called the spectral radius of G, denote by ρ(G). When G is a bipartite graph, its eigenvalues have physical interpretations in the quantum chemical theory, so it is significant and necessary to investigate the relations between the graph-theoretic properties of G and its eigenvalues. Up to now, the spectral radius of graphs has been studied by many authors. Brualdi and Hoffman [2] showed that the spectral radius satisfies ρ(G) k − 1, where m = k(k − 1)/2 with equality if and only if G is isomorphic to the disjoint union of the complete graph K k and n − k isolated vertices. In 1987, Stanley [3] improved the above result. He showed that
the equality occurs in the conditions mentioned above. After that, Hong [4] showed that if G is a simple connected graph, then ρ(G) √ 2m − n + 1 with equality if and only if G is isomorphic to one of the following two graphs: (a) the star K 1,n−1 ; (b) the complete graph K n . In 2001 [5] , Hong et al. also proved that
Equality holds if and only if G is either a regular graph or a bidegreed graph in which each vertex is of degree δ or n − 1. Obviously, we can get the inequalities mentioned above in [3, 4] by taking δ = 0 and δ = 1 in inequality (1), respectively. In this paper, we obtain some new sharp upper bounds on the spectral radius of a simple connected graph by similar transforming its adjacency matrix. We also compare a bound with the inequality (1).
The terminology not defined can be found in [1] .
Lemmas and results
In this section, we first state some basic lemmas and definition, then prove the theorems.
A reformulation of inequalities from the theory of nonnegative matrices [7, Chapter 2] yields the following lemmas. 
Moreover, one of the equalities holds if and only if the rowsums of A are all equal.
For a simple connected graph, we have the similar lemma.
Lemma 2.1 . Let G be a simple connected graph with n vertices. Then δ ρ(G) .

Moreover, one of the equalities holds if and only if G is a regular graph.
Now, we present our results as follows.
where 1 i n. 
Moreover, if i = 1, the equality holds if and only if G is a regular graph. If 2 i n, the equality holds if and only if G is either a regular graph or a bidegreed graph in which d
Obviously, A and B are similar matrices, they have the same characteristic roots. So,
. Now, we consider the rowsums {r 1 , r 2 , . . . , r n } of matrix B.
where 1 l i − 1, and
where i k n. Since G is without loops and multiple edges, in the adjacency matrix a ii = 0, a ij = 0 or 1, where i, j = 1, 2, . . . , n. Hence
and
Obviously,
solving the equality, we get
We can easily find that x > 1 since i 2 and
For equality to hold in (2), all inequalities in the above argument must be equalities. In particular, from (3) 
Conversely, it is easy to show that the equality holds when G is a bidegreed graph in which
This completes the proof. Now, we denote by p is the number of vertices with the maximum degree , and by q is the number of vertices with the second largest degree . If G is a k-regular graph, we let = = k. So, p + q = n.
We obtain the following results similar to Theorem 2.2. 
The equality holds if and only if G is a -regular graph or G ∼ =K p ∇H, where H is a ( − p)-regular graph with n − p vertices.
Proof. The proof can be obtained by taking
Remark. If G is not a regular graph, we know ρ(G) < by Lemma 2.1 . From Theorem 2.3, we have
when 4p + + 2. In particular, we have the inequality (6) when
By Theorem 2.2, we have the following stronger result.
In the following theorem, we prove that if p + q + 1, the upper bound of the spectral radius of graph G in inequality (5) is better than the upper bound in inequality (1).
Theorem 2.5. Let G be simple connected graph, if
Proof. If = δ, then G is a bidegreed graph. There are p vertices with degree and n − p vertices with degree = δ. So, 2m = p + (n − p) = nδ + p( − ). Thus,
If > δ, without loss of generality, we suppose
From p + q − − 1 0, q 0 and > , we can get that
Thus,
Then,
It implies
That is
From Eqs. (8)- (10), it is easy to get that
Then the result follows.
Example 1. Graph G 0 (see Fig. 1 ) has n = 7 vertices, m = 10 edges and
4495 better than √ 14 ≈ 3.7417, which is obtained from the inequality (1). In fact, ρ(G 0 ) = 3.22333.
From the proofs of Theorem 2.3 and 2.5, we have the following corollaries. 
Proof. As = δ, and = n − 1, we obtain
Obviously, the equation holds.
Example 2.
Let H be a graph obtained by removing l disjoint edges from K n , where n 2l. Note that = δ = n − 2, = n − 1 and p = n − 2l, satisfied the conditions of Corollary 2.6. Then ρ(H ) = n − 3 + (n − 1) 2 + 4(n − 2l) 2 .
In particular, taking n = 2l, H is a (n − 2)-regular graph, namely, hyperoctahedral graph, then ρ(H ) = n − 2. 
(ii) Let H n = K 2 ∇C n−2 , then
Proof (i) The equality (11) can be obtained by taking = n − 1, p = 1, and = 3 in Corollary 2.6.
(ii) The equality (12) can be obtained by taking = n − 1, p = 2, and = 4 in Corollary 2.6.
